Abstract. Suppose that G is a finite solvable group which has an irreducible character χ which vanishes on exactly one conjugacy class. Then we show that G has a homomorphic image which is a nontrivial 2-transitive permutation group. The latter groups have been classified by Huppert. We can also say more about the structure of G depending on whether χ is primitive or not.
Introduction
Let χ be an irreducible character of a finite group G. A well-known theorem of Burnside [9, page 40] shows that when χ is nonlinear it takes the value 0 on at least one conjugacy class of G. Groups having an irreducible character that vanishes on exactly one class were studied by Zhmud' in [11] (see also [1] ). Chillag [2, Lemma 2.4] has proved that if the restriction of χ to the derived group G is reducible and χ vanishes on exactly one class of G, then G is a Frobenius group with a complement of order 2 and an abelian odd-order kernel.
Our purpose in this paper is to show that, if an irreducible character χ of a finite solvable group G vanishes on exactly one conjugacy class, then G has a homomorphic image which is a nontrivial 2-transitive permutation group. The latter groups have been classified by Huppert: they have degree p d where p is prime, and are subgroups of the extended affine group AΓL (1, p d ) except for six exceptional degrees (see Remark 8 below). We can also say more about the structure of G depending on whether χ is primitive or not.
Main results
We shall initially assume that our character is faithful, and make the following assumptions:
( * ) G is a finite group with a faithful irreducible character χ which is 0 on only one class which we denote by C. Furthermore, G has a chief factor K/L which is an elementary abelian p-group of order p d such that the restriction χ K is irreducible, but χ L is not. Since χ must be nonlinear, the latter condition clearly holds whenever G is solvable, but for the present we shall not assume solvability. Proof. Since χ K is irreducible, the theorem of Burnside quoted above shows that
Now since K/L is an abelian chief factor, and χ K is irreducible, it follows from [9, (6.18 
We shall consider these two cases separately.
In case (i) we note that, since C ∩ L = ∅, the irreducible character φ does not take the value 0. Thus Burnside's theorem implies that φ(1) = 1. This implies that if ρ is a representation affording χ, then ρ is scalar on L. Since χ is assumed to be faithful, L is contained in the centre Z(G) of G. On the other hand, for each z ∈ Z(G), ρ(z) is a scalar of the form ζ1. Thus for each x ∈ C we have
In case (ii) χ K is an irreducible constituent of (φ 1 ) K and so comparison of degrees shows that χ K = (φ 1 ) K . Thus χ K is 0 everywhere outside of the normal subgroup L, and so K \ L = C in this case as well.
Finally since |C ∪ {1}| > 1 2 |K|, then K = C . Finally, it is easily seen that L 0 is a normal subgroup of G, and that
Corollary 2. Under the hypothesis ( * ) every normal subgroup N of G either contains K (when χ N is irreducible) or is contained in L (when χ N is reducible). In particular, K/L is the unique chief factor such that χ K is irreducible and χ L is reducible and K/L is the socle of G/L. Since K has a nonlinear irreducible character, K is not abelian and so L = 1.
Remark 3. Both cases (i) and (ii) in Proposition 1 can actually occur. The group SL(2, 3) has three primitive characters of degree 2 which satisfy ( * ) (case (i) with |K| = 8 and |L| = 2 for each character), and S 4 has an imprimitive character of degree 3 which satisfies ( * ) (case (ii) with |K| = 12 and |L| = 4).
Proposition 4. Suppose that the hypothesis ( * ) and case (i) of Proposition 1 hold. Then L = Z(G) has order p, K is an extra special p-group and χ is primitive.
Proof. Let z ∈ L. Then for any x ∈ C we have zx ∈ C and so zx = y −1 xy for some
is represented faithfully as a group of scalar matrices by a representation affording χ, it follows that L is cyclic and hence
We finally show that χ is primitive. Indeed, otherwise there is a maximal subgroup H in G and ψ ∈ Irr(H) such that χ = ψ G . The formula for an induced character shows that ψ G is 0 on each conjugacy class disjoint from H. As is well known every proper subgroup of a finite group is disjoint from some conjugacy class, and so we conclude that C is the unique class such that C ∩ H = ∅. By Proposition 1 this implies that H ∩ K ≤ L. Thus K H, and so G = HK by the maximality of H. Hence
, we obtain a contradiction. Thus χ is primitive.
Proposition 5. Suppose that the hypothesis ( * ) and case (ii) of Proposition 1 hold (so χ is imprimitive). Then there exists a subgroup
Proof. As noted in the proof of Proposition 1 χ L is a sum of p d distinct irreducible constituents φ i . Because χ K is irreducible, these constituents are K-conjugates (as well as G-conjugates). Let M := I G (φ 1 ) be the inertial subgroup fixing the constituent φ 1 
On the other hand, since ψ G is 0 on any class which does not intersect M , the hypothesis on χ shows that
My and x ∈ C implies that ux does not lie in any y −1 My, and hence ux ∈ C. Thus with the notation of Proposition 1,
Since L is a normal subgroup contained in M , the reverse inequality is also true, and so core G (M ) = L.
The proof of the next result requires a theorem of Isaacs [10, Theorem 2] which states:
Let H be a finite group with centre Z and let K be a normal subgroup of H with Z = Z(K).
Proposition 6. Under the hypothesis ( * ) the centralizer
Proof. If χ is primitive, then Proposition 4 shows that the hypotheses of Isaacs' theorem are satisfied for H : 
